THE FIRST TERMS IN THE EXPANSION OF THE BERGMAN KERNEL 

IN HIGHER DEGREES 
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Abstract. We establish the cancellation of the first 2j terms in the diagonal asymptotic 
expansion of the restriction to the (0, 2j)-forms of the Bergman kernel associated to the spin'^ 
Dirac operator on high tensor powers of a positive line bundle twisted by a (non necessarily 
holomorphic) complex vector bundle, over a compact Kiihler manifold. Moreover, we give a 
local formula for the first and the second (non-zero) leading coefficients. 



0. Introduction 

The Bergman kernel of a Kahler manifold endowed with a positive line bundle L is the smooth 
kernel of the Kodaira Laplacian = 9^9^'* + d^'*d^. The existence of a diagonal asymptotic 
expansion of the Bergman kernel associated with the p*^^ tensor power of L when p +oo 
and the form of the leading term were proved in |Tia90j . |Cat99j and |Zel98] . Moreover, the 
coefficients in this expansion encode geometric informations about the underlying manifold, and 
therefor they have been studied closely: the second and third terms were computed by Lu |LuOO) , 
X. Wang |Wan05] . L. Wang |Wan03| and recently by Ma-Marinescu |MM12| in different degrees 
of generality. This asymptotic plays an important role in various problems of Kahler geometry, 
see for instance [DonOl] or |Fin) . We refer the reader to the book |MM07) for a comprehensive 
study of the Bergman kernel and its applications. See also the survey [MalOj . 

In fact, Dai-Liu-Ma established the asymptotic of the Bergman kernel in the symplectic case 
in jDLM06) . using the heat kernel (cf. also Ma-Marinescu [MM06|). Recently, this asymptotic in 
the symplectic case found an application in the study of variation of Hodge structures of vector 
bundles by Charbonneau and Stern in |CS11| . In their setting, the Bergman kernel is the kernel 
of a Kodaira-like Laplacian on a twisted bundle L^E, where is a (not necessarily holomorphic) 
complex vector bundle. Because of that, the Bergman kernel no longer concentrates in degree 
(unlike it did in the Kahler case), and the asymptotic of its restriction to the (0,2j)-forms is 
related to the degree of 'non-holomorphicity'of E. 

In this paper, we will show that the leading term in the asymptotic of the restriction to the 
(0, 2j)-forms of the Bergman kernel is of order pdimX-2j ^-^^l compute it. That will lead 

to a local version of |CS111 (1-3)], which is the main technical result of their paper, see Remark 
10.61 After that, we will also compute the second term in this asymptotic. 

We now give more detail about our results. Let {X,lu,J) be a compact Kahler manifold of 
complex dimension n. Let {L, h^) be a holomorphic Hermitian line bundle on X, and {E, h^) 
a Hermitian complex vector bundle. We endow {L,h^) with its Chern (i.e. holomorphic and 
Hermitian) connection V^, and {E, h^) with a Hermitian connection V'^, whose curvatures are 
respectively = (V^)^ and = (V^)^. 

Except in the beginning of section [TTTl we will always assume that (L,/i^,V^) satisfies the 
pre- quantization condition: 
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(0.1) - = ^^'- 

Let 5"^^(-, •) — ,]■) be the Riemannian metric on TX induced by lo and J. It induces a 
metric h^"'' on K^''{T*X) := A'(T<°^^^X), see SectionO 

Let LP = L'^P be thep*'' tensor power of L. Let n"^' {X, LP(g)E) = <r°°(X, A"^'{T* X)(g)LP(g>E) 
and B^"'^'^ : n°''{X,LP ^ E) ^ n^-'+\X,LP (g) E) be the Dolbeault operator induced by the 
(0,l)-part of (cf. ([O])). Let B^"'^^'* be its dual with respect to the i^.p^duct. We set 
(see ((ESI)): 

(0.2) i?p = V2(a^''«^+a^'®^'*), 

which exchanges odd and even forms. 
Definition 0.1. Let 

(0.3) Pp:n°^*{X,LP(g)E)-^keT{Dp) 

be the orthogonal projection onto the kernel kei{Dp) of Dp. The operator Pp is called the 
Bergman projection. It has a smooth kernel with respect to dvxiy), denoted by Pp(x,y), which 
is called the Bergman kernel. 

Remark 0.2. If E is holomorphic, then by Hodge theory and the Kodaira vanishing theorem 
(see respectively |MM07[ Theorem 1.4.1] and |MM07[ Theorem 1.5.6]), we know that, for p 
large enough, Pp is the orthogonal projection '^°°{X,Lp E) ^ H^{X,Lp ig) E). Here, by 
|MM02[ Theorem 1.1], we just know that keT{Dp\^o,odd(x.LP(g>E)) — for p large, so that 
Pp-. rj''^<=™"(X,LP ®E)^ kcT{Dp). In particular, Pp(x,x) £ (X, End(AO'°™"(r*X) ® E)). 



By Theorem 11.31 Dp is a Dirac operator, which enables us to apply the following result: 

Theorem 0.3 (Dai-Liu-Ma, cf. |DLM061 Thm. 1.1]). There exist smooth sections br of 
End(A°''=™"(7'*^) ® E) such that for any k e N and for p +oo: 

k 

(0.4) p-"Pp{x,x) ^Y.^r{x)p-- + 0{p-^-^), 

r=0 

that is for every fc, Z G N, there exists a constant Cu.i > such that for any p g N, 

k 

(0.5) p-'-Pp{x,x)-Y,br{x)p-'- 



<Ck,ip-''-\ 



Here \ ■ \<gi[x) ihe -norm for the variable x £ X . 

Let ^ = (i?^)0'2 g 170.2 ^X,End(£;)) ^-^^ (0,2)-part of (which is zero if E is holomor- 
phic). For j £ |l,n], let 

(0.6) I J : A°-'{T*X) (E)E~^ A"^^{T*X) ® E 

be the natural orthogonal projection. The first main result in this paper is 

Theorem 0.4. For any k €z N, k > 2j , we have when p — > +oo; 

k 

(0.7) p-"l2jPp{x, x)l2j = lMx)hj + 0{p~''-^), 

r=2j 
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and moreover, 

(0-8) IMx)h, = {^i) {MiY h,, 

where {^1)* is the dual of Ml acting on (A°'*(T*X) (g) E)^. 

Theorem 10.41 leads immediately to 
Corollary 0.5. Uniformly in x d X , when p — > +oo, we have 

(0.9) Tr ((/2,Pp/2,) ix,x)) ^ ^^l^y 22jIjI)2 p"'"' + 

Remark 0.6. By integrating (|0.9I) over X, we get 

(0.10) Tr(/,,P,/,,) = j^^^ ll^il.p"^^^" +0(p"-2^-i), 

which is the main technical result of Charbonneau and Stern jCSll' (1-3)], thus Corollary 
can be viewed as a local version of |CS111 (1.3)]. The constant in (lO.lOp differ from the one in 
|CS11| because our conventions are not the same as theirs (e.g. they choose ui = ^/ — IR^, etc.). 

Let R^ := — i?^(mi, Wi) for {wi, . . . ,Wn) an orthonormal frame of T'^^'^^X. Let 

R'^^ be the curvature of the Levi-Civita connection V"^'^ of {X,g^^), and for (ei, . . . , e2n) an 
orthonormal frame of TX, let r^ = — J^i i^i, ej)ei, ej) be the scalar curvature of X. 

For j,k and j > k, we also define Gj{k) by 

(0.11) C,(fc) ^ ^ ^ 



(47r).-2fefc!nU+i(25 + l)' 

with the convention that IIsgB ~ ^' 

Let be the connection on A°'*{T*X) induced by V^^. Let V'^"'*'*-^ be the connection 

on A°-*{T*X) E induced by and V^"'*, and let A'^"'*'*^ be the associated Laplacian. For 
the precise definitions, see Section [TT] 

The second goal of this paper is to compute the second term in the expansion (|0.7p . As above, 
we will prove: 

Theorem 0.7. We can decompose I2jl>2j+i{x)l2j as the sum of 6 terms: 

(0.12) I2jb2j+iix)l2j = Ti„ + (TiJ* + Ti, + Tu^ + (TnJ* + Tm, 

where Ti^, Ti^, etc. come from the terms la, Ifc, etc. calculated in Section\^ Moreover, we have 
the following explicit formulas: 

if j = 0, 1, then Ti^ — 0, and if j > 2, 

(0.13) 

C,(,) " 



ri„ = E { (c.o-) - + i))^r('+2)(v4:"«^^.)(x)^r'"(v:^:'«^^.)(^)^r 

+ C, (m) [ n (1 + 1) - l] ^r(«+2)(V^^:"^^^.)(a;)^r"(v4r^''-^-)(2^)^r} {^iT ho, 



s=q+2 



4 



MARTIN PUCHOL AND JIALIN ZHU 



if j — 0, then Ti^ ~ 0, and if j > 1, 



(0.14) Tu = —l2j 



J2 (c,(j) - c,(fc))^r'-'(vC"^^^.)(^)^.' 



Lfe=o 



12 J, 



if j = 0, f/ien Tii^ = 0, and z/j > 1, 



(0.15) 



Tti 



fe=0 



4^ -2, E { (C.(J) - C,(fc))^r(^-+i)(A^''"«^^.)(^)^^ } (^^)* 

(0.16) 



k=0 



C,+i(j + l) 



C,(fc) 



27r(2fc + 1) 



3 V ■ ' 27r(2fc + 1 

/n particular, for j ^ I, we have: 

(0.17) 128^3^263(x)/2 = i/2(v4"''«^^.)(a;) ((V4^"«^^.)(x)) * /2 

+ i/2((A'^°''«^^.)(a:)(^,)* + (^,)*(A^°"«^^.)(a;))/2 



2j- 



/2^x 
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This paper is organized as follows: in Section [T] we compute the square of Dp and use a 
local trivialization to rescale it, and then give the Taylor expansion of the rescaled operator. In 
Section [21 we use this expansion to give a formula for the coefficients br appearing in (|0.4p . which 
will lead to a proof of Theorem l0.4l Finally, in Section [31 we prove Theorem 10. 71 using again the 
formula for b^. In this whole paper, when an index variables appears twice in a single term, it 
means that we are summing over all its possible values. 



1. ReSCALING Dp AND TAYLOR EXPANSION 

In this section, we follow the method of |MM07[ Chapter 4], that enables them to prove the 
existence of br in (|0.4I) in the case of a holomorphic vector bundle E, and that still applies here 
(as pointed out in jMM071 Section 8.1.1]). Then, in section 3 and 4, we will use this approach 
to understand hjWhj and prove Theorems 10.41 and 10.71 

In Section [1.11 we will first prove Theorem II .31 and then give a formula for the square of Dp, 
which will be the starting point of our approach. 

In Section rOl we will rescale the operator Dp to get an operator and then give the Taylor 
expansion of the rescaled operator. 

In Section [1.3[ we will study more precisely the limit operator 

1.1. The square of Dp. For further details on the material of this subsection, the lector can 
read [MM07j . First of all let us give some notations. 

The Riemannian volume form of {X,g^^) is given by dvx — a;"/n! . We will denote by (•, •) 
the C-bilinear form on TX (g) C induced by g^-^ . 

For the rest of this subsection ll.il we will fix {wi , . . . , w„) a local orthonormal frame of T^^'^-'X 
with dual frame (w^, . . . ,";«"). Then (uJi, . . . ,uJ„) is a local orthonormal frame of T^'^'^^X whose 
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dual frame is denoted by {w^ , . . . , w"), and the vectors 

(1.1) e2j-i = [wj + uij) and 62^+1 = {wj - Wj) 

form a local orthonormal frame of TX . 

We choose the Hermitian metric h^°'' on A°'*(T*X) := A'{T<"^^'>X) such that 
{yjji A • • • A w-"=/l < ji < ■ ■ ■ < jk < n} is an orthonormal frame of A°'*(T*X). 

For any Hermitian bundle {F, h^) over X, let ^°°(X, F) be the space of smooth sections of F. 
It is endowed with the L^-Hermitian metric: 



(1.2) (5^,52) = / {si{x),S2{x))hFdv^{x 



X 



The corresponding norm will be denoted by and the completion of (X, F) with respect 

to this norm by L'^{X, F). 

Let be the Dolbeault operator of E: it is the (0, l)-part of the connection 

(1.3) := (V^)"^^ : 'f°°{X,E) ^ '<f°° {X,T*'^"^^'^ X d) E). 
We extend it to get an operator 

(1.4) B^ : n°'%X, E) f2°'*+i(X, E) 

by the Leibniz formula: for s e '^°^{X,E) and a E '^°°{X,A°^'{T*X)) homogeneous, 

(1.5) a^(a ds) = (Ba) ® s + (-l)'i°s"a ® B'^s. 
We can now define the operator 

(1.6) ^V2{d^ + d^'*) : n"^'{X,E) -^n"''{X,E), 

where the dual is taken with respect to the L^- norm associated to the Hermitian metrics ' 
and h^. 

Let V^^"^ be the connection on A(T*X) induced by the Levi-Civita connection of X. 
Since X is Kahler, V^-^ preserves T^^'^^X and T^^'^^X. Thus it induces a connection v^'*" ''^ 
on T*^^'^'>X , and then an Hermitian connexion ' on A^-*{T*X). We then have that for any 

a e •r°°(x,A"'*(T*A:)), 

(1.7) V^"''a = V^(^*^)a. 

Note the important fact that V^*^"^ preserves the bi-grading on A*'*{T*X). 

Let V^'' '^"^ := V^" * 1 + 1 (g) be the connection on A"-'{T*X) (g) E induced by V^" ' 
and 

Proposition 1.1. On il^''{X, E), we have: 

B^ = uP A V^''®^ 

Proof. We still denote by V'^ the extension of the connection to r2*'*(X, i?) by the usual 
formula V^(a ® s) = da (g s + (-l)'i'=s"a A V^s for s € 'if°°{X,E) and a e "ig"^ {X, A{T* X)) 
homogeneous. We know that d = eo V^^"^ -^"^ where e is the exterior multiplication (see |MM07[ 
(1.2.44)]), so we get that = e o \/Mt'x)(se_ Using dHZl), it follows that 

which is the first part of 
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The second part of our proposition foUows classicahy from the first by exactly the same 
computation as in jMM07[ Lemma 1.4.4]. □ 

Definition 1.2. Let v = v^'" + v"'^ eTX ^ T'^ifi)x © T^°'^^X, and w(O'i)'* e T<"'^^X the dual 
of v^'" for (•, •). We define the Clifford action ofTX on A"^'{T*X) by 

(1.9) c(w) = y2(t;(o^i)'* A -?,o,i) . 

We verify easily that for u, u e TX, 

(1.10) c{u)c{v) + c{v)c{u) ^-2{u,v), 
and that for any skew- adjoint endomorphism A of TX , 

^{Aei,ej)c{ei)c{ej) = -^{Awj,Wj) + {Awi,Wjn}w"' /\ iwe 

(1.11) + ^{Awi,Wm}iweiw^ + ^ (Awf, w™) A A . 

Let V'^''* be the Chern connection of det(T(i''')x) A"(T(1'0)X), and V^' the Clifford 
connexion on A°'*{T*X) induced by V"^^ and V^^' (see jMMOTi (1.3.5)]). We also denote by 
the connection on A"''{T*X) (g) E induced by V'^' and V^. By |MM07[ (1.3.5)], (|LTT|) and 
the fact that V'^'^* is holomorphic, we get 

(1.12) V^'^V'^"'*. 

Let be the associated spin"^ Dirac operator: 

2n 

(1.13) D^^^ - ^c(e,)V^i: n°^'{X,E) ^ n^^'{X,E). 

By dTH]) and ([TT^ . we have 

Theorem 1.3. is equal to the spin'' Dirac operator D^'^ acting on Vf''*{X,E). 

Remark 1.4. Note that all the results proved in the beginning of this subsection hold without 
assuming the pre-quantization condition (|0.ip . but from now on, we will use it. 

Let (F, h^) be a Hermitian vector bundle on X and let V''^ be a Hermitian connection on F. 
Then the Bochner Laplacian acting on {X, F) is defined by 

2n 

(1-14) ^'' = -E((^^)'-^V-e,)- 

On ^iP^'^X), we define the number operator J\f by 
(1-15) J^Uv'-HX) ^ J, 

and we also denote by J\f the operator A/"® 1 acting on ilP'' {X, F). 

The bundle is endowed with the connection induced by (which is also its Chern 
connection). Let V^"®-^ := V^" (g) 1 + 1 (g) be the connection on LP <^ E induced by and 
V^. We will denote 

(1.16) Dp = D^"^^. 
Theorem 1.5. The square of Dp is given by 

(1.17) + R^{wi,Wm)iwiiw^ + R^(wi,Wm)w'^ Auf^. 
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Proof. By Theorem [Ol we can use |MM071 Theorem 1.3.5]: 

(1.18) ^ ACi + !^ + 1 (^uL^^^E ^ 1 ^dct^ (e„ e,)c(e.)c(e,), 

where is the scalar curvature of X. Thanks to ([TTT^ . we see that A^' ^A"-'(SL''cg,E ^ 
Moreover, = 2i?'^'=*(u;j , Wj) and R^'''^^ ^ ^ pjiL Using the equivalent of (fTTTl) for 
2-forms (substituting A{-,-) for (A-,-)) and the fact that i?-^ and i?^ arc (l,l)-forms, (11.181) 
reads 



+ 2 + (u;£,w™)w™ Aiw, +i?^(wf,Wm)«w,iw„ 

+ i?^(w£,W„)w^ Aw™. 

Thanks to (jO.ip . we have R^{we,Wm) = '^T^^im- Moreover, A/" = A i^^ thus we get 

Theorem O □ 

1.2. Rescaling _D^. In this subsection, we want to rescale _D^, but in order to do this, we must 
define it on a vector space. Therefore, we will use normal coordinates to transfer the problem on 
the tangent space to X at a fix point. Then we want to give a Taylor expansion of the rescaled 
operator, but the problem is that each operator acts on a different space, namely 

Ep := A°'*(T*X)(g)LP(8)£:, 

so we must first handle this issue. 

Fix Xo £ X. For the rest of this paper, we fix {wj} an orthonormal basis of t2^''^^ X, with 
dual basis {w^}, and we construct an orthonormal basis {ci} of T^^X from {w-,} as in (jl.ip . 

For £ > 0, we denote by {xq, e) and 5-^=^0"^ (0, e) the open balls in X and T^gX with center 
xq and and radius e respectively. If exp;^ is the Riemannian exponential of X, then for e 
small enough, Z e B^-o^(0,e) expf^(Z) e B^{xo,s) is a diffeomorphism, which gives local 
coordinates by identifying T^^X with R^" via the orthonormal basis {ci}: 



(1.19) (Zi, . . . , Z2„) e M^" ^ ^^''^ ^ ^-oX- 

i 

From now on, we will always identify i?-^^o^(0, e) and {xq, e). Note that in this identification, 
the radial vector field TZ — Ziei becomes TZ = Z , so Z can be viewed as a point or as a tangent 
vector. 

For Z e 5^-0-^(0, e), we identify (Lz^h^), {Ez,h§) and {Az'{T*X),hf-') with (i^„,/i^J, 
{Ex„,hl^g) and (A*''*(T2!jjX), /i^^ ) by parallel transport with respect to the connection V^, 
and V^"'' along the geodesic ray t e [0,1] ^ tZ. We denote by F^, F^ and F'^" * the 
corresponding connection forms of V^, and 

Remark 1.6. Note that since preserves the degree, the identification between A^'*{T*X) 

and A°''{T;^X) is compatible with the degree. Thus vf ' € 0^. End(A*'^J (T*X)). 

Let Sl be a unit vector of Lx„. It gives an isometry L"^^ ~ C, which yields to an isometry 

(1.20) Ep,,„ ~ (A"'*(r*X) <E> E)^, =: E,„. 
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Thus, in our triviahzation. Dp acts on , but this action may a priori depends on the choice 
of Sl- In fact, since the operator Dp takes values in Eiid(Ep^xa) which is canonicahy isomorphic 
to End(E)^,-| (by the natural identification End(i^) ~ C), all our formulas do not depend on this 
choice. 

Let dvTX be the Riemannian volume form of {T^^X^ g^""'^), and k{Z) be the smooth positive 
function defined for \Z\ < e by 

(1.21) dvx{Z) = >i{Z)dvTx{Z), 
with k(0) = 1. 

Definition 1.7. We denote by Wu the ordinary differentiation operator in the direction U on 
Tx„X. For s e '^°°{'R.^",Ex„), and for t = set 

{Sts){Z) = s{Z/t), 

(1.22) Vo = V + i<(Z,.), 

= t^Si^K^/^DlK-^/'^St, 



Let II • 11^2 be the L^-norm induced by /i^^o and dvrx- We can now state the key result in 
our approach of Theorems 10.41 and 10.71 

Theorem 1.8. There exist second order formally self-adjoint (with respect to \\-\\l^) differential 
operators Or with polynomial coefficients such that for all to G N, 

m 

(1.23) ^t=-^o+^t'-Or + 0{t'^''+^). 

r=l 

Furthermore, each Or can be decomposed as 

(1.24) Or = 0°r + 0+^ + O-^ , 
where Or changes the degree of the form it acts on by k. 

Proof. The first part of the theorem (i.e. equation (|1.23p ) is contained in |MM081 Theorem 1.4]. 
We will briefly recall how they obtained this result. 

Let be the smooth self-adjoint section of End(E2,Q) on i?^^o'^(0, e): 

1 



(1.25) y J J' y 2 J ^ 

+ R^{we,Wm)iweiw„, + R^{wi,Wm)w^ A wJ". 
We can see that we can decompose $_e = $^ + + <1'^^, where 

= R^{wj,Wj) + 2 ^R^ + ^R'^"^^ {wi,Wra)w^ A ijst preserves the degree, 

= R^{Wi,Wm)w^ A w™ rises the degree by 2, 
= R^ {wi^Wm)iwiiw^ lowers the degree by 2. 
Using Theorem 11.51 we find that : 
(1.27) Dl = AA^'-^i'^s + p(-27rn + A^Af) + 



(1.26) ^+2 _ 
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Let gij{Z) — g^-^ {ei,ej){Z) and be the inverse of the matrix {gij{Z))^^. Let 

(V^^^ej) [Z) = T'yj{Z)ek. As in [MMO?! (4.1.34)], by (ITT^ and (fT^ . we get: 

- ~g''{tZ) (Vt,e, Vt,e, - irf_,-(tZ)Vt,eJ " 2^71 + 47rAA + t'^EitZ). 

Moreover, k = (det((7y ))^/^, thus we can prove equations (|1.23l) as in |MM07[ Theorem 4.1.7] by 
taking the Taylor expansion of each term appearing in (I1.28P (note that in |MM07] , they have 
to extend every data to T^^X to make the analysis works, but as we admit the result, we do not 
have to worry about it and simply restrict ourselves to a neighborhood of xo). 
Now, it is clear that in the formula for in (11.28^ . the term 

(1.29) -g'K^Z) (Vt,e.Vt,e, - tV%{tZ)Vt,e,) - + A^N+f^%[tZ) 

preserves the degree, because F^"'* does (as explained in Remark ll.6p . Thus, using (|1.26p and 
taking Taylor expansion of in (|1.28p , we can write 

oo 

(1-30) 



r=2 

From ((Oni), we get pTMl) . 

Finally, due to the presence of the conjugation by k^/^ in (|1.22l) . is a formally self-adjoint 
operator on "^"^ (R^" , Ej,;, ) with respect to || • 11^2. Thus Jfo and the O^s also are. □ 

Proposition 1.9. We have 

(1.31) ©1=0. 

For O2, we have the formulas: 

(1.32) 0+^=M.,,, 0^^ = {M,S, 
and 

(1.33) Ol = ^(i?Jj^(Z,e,)Z,e,)Vo,e.Vo,e, - <(^«„W,) - ^ 



+ [(^Rl^{Z,et.)eu + ^Rl^{z,z)Z,e,^ - <(Z,e,)^ Vo,e,. 



Proof. For F = i,^; or A"'*(T*X), it is known that (see for instance jMM07[ Lemma 1.2.4] 

(1.34) ^(a"ra„(e,)^ = ^ (5"i?ao(^,e,)^, 

^ — ' a\ 7' + 1 ^ — ' a! 

|a|— r |a|— r — 1 

and in particular, 

1 

2' 

Furthermore, we know that 

(1.36) g.,{Z) = 5.,,+0{\Z\^): 
it is the Gauss lemma (see |MM071 (1.2.19)]). It implies that 

(1.37) «:(Z) = |det(.g,,(Z))|V2 = i + 0(|zn. 



(1.35) rf(e,) = -<(Z,e,) + 0(|^P). 



10 



MARTIN PUCHOL AND JIALIN ZHU 



Moreover, the second line of |MM071 (4.1.103)] entails 

(1.38) = ^-^^^ "^-^ + ^^1^1')' 

and thus by (fT^ and 

1 
2 

Using (dUSl), and we see that 

(1.40) Vt=Vo + 0(t') 



(1.39) ri = -<(Z,e,) + 0(|Z|3). 



Concerning Oj^, thanks to (|1.30p . we see that 



Finally, using again ([TT^ . and ([QH)) . we get d = 0. 

Co] 

(1.41) 



2 



O^-^ = $^'(0) - <(«;,, «;„)^^,^^„ = («)°'') = (^.o)* ■ 

Finally, by ([T^ and MMOTl (4.1.34)], we see that our .if° corresponds to in |MM07| . 
Thus, by (fOIH) and ^MMOTl (4.1.31)], our is equal to their O2 (this is because in their 
case, E is holomorphic, so is a (l,l)-forni and there is no term changing the degree in 
(J^L 0E ql 0E,*-^2^ ^Yie terms preserving the degree are the same than ours). Hence (|1.33l) 
follows from |MM07[ Theorem 4.1.25]. □ 

1.3. Bergman kernel of the limit operator ^q. In this subsection we study more precisely 
the operator ^q- 

We introduce the complex coordinates z — (zi, . . . , Zn) on C" ~ M^". Thus we get Z — z + z, 
Wj = v^^- and Wj = \/2-^ . We will identify z to Zj and z to zj when we 
consider z and z as vector fields. 

Set 



(1.42) 



b^{bi,...,bn), if = -^(Vo,eJ'-2^n. 

i 

By definition, Vq = V + ■) so we get 

(1.43) h = -2^ + ^z^, bf = 2— + nz,, 

and for any polynomial g(z,z) in z and z. 



(1.44) 



[6, , 6+] = -4^% , [5, , b,] = [b+ , b+] = 0, 



[g{z, -z),bj] = 2^g(z, z), [g(z, z), 6+] = -2^g(z, z). 
Finally, a simple calculation shows: 

(1.45) -^^Y. ^^^t ^'^^ ifo = i^ + 47rA/'. 

i 

Recall that we denoted by || • 11^2 the L^-norm associated to h^'^a and dvTx- As for this norm 
~ (^i)*: ''^6 sse that if and ifo are self-adjoint with respect to this norm. 
Next theorem is proved in |MM071 Theorem 4.1.20]: 
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Theorem 1.10. The spectrum of the restriction of ^ to L^(R^") is Sp(^|i2(jj2,i-)) — 47rN and 
an orthogonal basis of the eigenspace for the eigenvalue Airk is 



(1.46) 



6" (^z^ exp ("■^I^P)) ' w^^'* a, /3 e N" and ^ ai = fc. 



Especially, an orthonornial basis of ker(^ 12,2(^211)) is 

J^|xl/2 



(1.47) 



/3! 



z^ exp 



(-fki'), 



2/-Tn>2ri\ 



and thus if ^{Z^ Z') is the smooth kernel of the orthogonal projection from (L ( 
onto ker(^) (where || ■ ||o is the L^-norm associated to gjj^) with respect to dvTx{Z'), we have 

(1.48) ^{Z, Z') = exp (-|(kl' + kf - 2z • z')) . 

Now let be the orthogonal projection from (L^(]R.^", Ejjq), || • ||^2) onto N :— ker(Jfo)j and 
{Z^ Z') be its smooth kernel with respect to dvTx{Z'). From (|1.45l) . we have: 



P'^{Z,Z') = ^{Z, Z')Io. 
2. The first coefficient in the asymptotic expansion 



(1.49) 



In this Section we prove Theorem 10.41 We will proceed as follows. 

In Sect ion ium following |MM07[ Section 4.1.7], we will give a formula for br involving the Ok's 
and 

In Section [2.2[ we will see how this formula entails Theorem [ 



2.1. A formula for br. By Theorem 11.101 and (jl.45p . we know that for every X E S the unit 
circle in C, (A — -Sfo)^^ exists. 

Let f{X,t) be a formal power series on t with values in End(L^(M-^", Ej,^)): 

+ C30 

(2.1) f{X,t) = ^t'-/r(A) with /,(A) e End(L2(]R2",E,J). 

r=0 

Consider the equation of formal power series on t ioi- X E S: 

(2.2) [X-J^o -Y.^'^Or] /(A,t) = Idi2(R2„^E^^). 



We then find that 
(2.3) 



/o(A) = (A-^o)-\ 



/.(A)-(A-i^o)-'E^j/-j(^)- 



Thus by (|1.3ip and by induction, 
/ 

(2.4) fr{X) = 



J2 i\-j^or'Or,---ix~j^or'Or 



rl^ t-rk=r 

r,>2 



J 



Definition 2.1. Following (MM07[ (4.1.91)], we define by 

1 



(2.5) 



/.(A)dA, 



27rV^ 

and we denote by ,^r{Z, Z') its smooth kernel with respect to dvTx{Z'). 
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Theorem 2.2. The following equation holds: 

(2.6) 6,(xo) ==^2r(0,0). 

Proof. This formula follows from |MM071 Theorem 8.1.4], as |MM07[ (4.1.97)] follows from 
|MM071 Theorem 4.1.24], remembering that in our situation, the Bergman kernel Pp does not 
concentrate in degree 0. □ 

2.2. Proof of Theorem [flZl Let %{\) = (A - ^o)"^Ori • • • (A - ^o)"^Orfc (A - ^o)~^ be the 
term in the sum (12. 4p corresponding to r — (ri, . . . , r^). Let be the orthogonal of N in 
L^(R^",E2:q), and P'^^ be the associated orthogonal projector. In Tr(A), each term (A — =Sfo)~^ 
can be decomposed as 

(2.7) {\-J^o)-^^{\^J^o)-^P''^ + \p''. 
Set 

(2.8) L^"(A) = (A-^o)"'^^'^", L^(A)-ip^. 

A 

By (ll.45p . preserves the degree, and thus so do (A — J^q)^^ , L^^ and . 
For7? = (7?i,...,7?fc+i) e {N,N^Y+\ let 

(2.9) T^{\) = i'"^ {X)Or, ■ ■ ■ L"" (A)a,i'"=+i (A). 
We can decompose: 

(2.10) Tr(A)= Yl ^rW, 

ri={rii,...,rik + i) 

and by and (^31) 

(2.11) ^2r = -^ E fVWd\. 

|t7|=2r+l 

Note that (A) is an holomorphic function of A, so 

(2.12) j^L^^{\)Or,---L^^{\)Or,L^^{\)d\^Q. 

Thus, in (j2.1ip . every non-zero term that appears contains at least one L^(A): 

(2.13) / T^{\)d\ 7^ ^ there exists io such that -q,^ = N. 
J 5 

Now fix k and j in N. Let s e L^{R'^'\E^„) be a form of degree 2j, r e (N\ {0, 1})'' such that 
J2i i^i = 2r and r/ = (r/i, . . . , r]k+i) € {iV, iV-'-}'=+i such that there is a iq satisfying r/i^ = A^. We 
want to find a necessary condition for l2jT^{X)l2jS to be non-zero. 

Suppose then that l2jT^{^)l2jS ^ 0. Since L^'o — jP^ , and N is concentrated in degree 0, 
we must have 

deg (a.„i'''«+KA)a.„+, • • •rMA)a.i'"=+^(A)/2, s) = O, 

but each L''*(A) preserves the degree, and by Theorem 11.81 each lowers the degree at most 
by 2, so 

= deg (a.„i''"'+HA)a.„+i • • •i'"=(A)a,i'"'+^(A)/2,s) > 2j - 2(fc -io + 1), 

and thus 

(2.14) 2j <2{k- io + 1). 
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Similarly, L^^{X)Ori ' ' ■ L''"'{X)Or^L^''+^{X)l2jS must have a non-zero component in degree 2j 
and by Theorem 11.81 each rises the degree at most by 2, so 2j must be less or equal to the 
number of 's appearing before , that is 

(2.15) 2j < 2{io - 1). 
With (Pl^ and ^J^, we find 

(2.16) ij < 2k. 

Finally, since for every i, > 2 and X]i=i = 2r, we have 2k < 2r, and thus 

(2.17) 4j < 2r. 

Consequently, if r < 2j we have l2jT^(X)l2j = 0, and by (|2.1ip . we find I2j'^2rl2j = 0. Using 
Theorem 12.21 we find 

hjbrhj — 0, 

which, combined with Theorem 10.31 entails the first part of Theorem 10.41 

For the second part of this theorem, let us assume that we are in the limit case where r = 2j. 

We also suppose that j > 1, because in the case j = 0, |MM07[ (8.1.5)] implies that bo{xo) — 

^o(0,0) = /o^(0,0) = /o, so TheoremEHis true for j = 0. 

In hj-^ijhi^ there is only one term satisfying equations (I2.14p . (I2.15p . (|2.16p and (|2.17p : first 

we see that and (PT7|) imply that r = fc = 2 j and for alH, = 2, while (I^Ji)) and (I^TTSl) 

imply that the zq such that rji^ = TV is unique and equal to j. Moreover, since the degree must 

decrease by 2j and then increase by 2j with only k = 2j O^i's available, only and 

appear in l2j^Ajl2j-: and not O2. To summarize: 

(2.18) = I2, {^o-'orY {02'^,-')' hj, 

because by (fTiSj) . L'^{R'^"', {A°'>^>{T*X) E)^„) C N-^, so we can remove the P^^'s. 

Let A = hj {.^o'^Oty P'^ ■ Since (O^^)* = O^'^ (see Proposition H^]) and Jfo is self- 
adjoint, the adjoint of A is A* — hj^ and thus 

(2.19) hr^ijhj ^ AA* . 

Recall that P^ ^ ^/o (see (fO^)) ). Let s e p2(R2«^^^j^ gj^^^^g ^0 ^ + 47r7V and 
^ S^s = 0, the term (^s)^^;^ is an eigenfunction of .ifo for the eigenvalue 2 x 47r. Thus we get 

^o^'Oa+'^'^s - ^^-^Ol^.'^s = ^0-^ ((=^s)^.o) = ~^.o^s- 
Now, an easy induction shows that 

(2-20) ^ = 77^7^ — Trh.M,,^ = ,\ J , l2iM„^- 

^ ^ (47r)J2x4x---x2j ^ {4ny 2^j\ ^ 

Let A{Z,Z') and A*{Z,Z') be the smooth kernels of A and A* with respect to dvTx{Z'). 
By (EUl), /2j^4j/2i(0,0) = /]g2„ A(0,Z)A*(Z,0)dZ. Thanks to 



(2.21) / ^(0,Z)^(Z,0)dZ = (^o ^)(0,0) = ^(0,0) = 1 

and (ESni), we find 
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3. The second coefficient in the asymptotic expansion 
In this section, we prove Theorem 10. 71 Using (I2.6p . we know that 

(3.1) hjby+lhjiO, 0) = /2j^4j+2/2j(0, 0). 

In Section 13.11 we decompose this term into 3 terms, and then in Sections 13.21 and 13.31 we 
handle them separately. 

For the rest of the section we fix j G |0,n]. For every smoothing operator F acting on 
L^(M^", E^,;,) that appears in this section, we will denote by F{Z,Z') its smooth kernel with 
respect to dvTx{Z'). 

3.1. Decomposition of the problem. Applying inequalities (I2.16P and (|2.17p with r = 2j + l, 
we see that in I2j'^4j+2l2j, the non-zero terms JgT^{X)dX appearing in decomposition (|2.1ip 
satisfy k = 2j oi k — 2j + 1. Since J^i ''i = 4j + 2 and > 2, we see that in I2j^4j+2l2j there 
are 3 types of terms T^{X) with non-zero integral, in which: 

• for fc = 2j: 

— there are 2j — 2 Or/s equal to O2 and 2 equal to O3: we will denote by I the sum 
of these terms, 

— there are 2j — 1 Or/s equal to O2 and 1 equal to O4: we will denote by II the sum 
of these terms, 

• for fc = 2j + 1: 

— all the Ori's are equal to 02- we will denote by III the sum of these terms. 
We thus have a decomposition 

(3.2) /2j^4j+2/2j = I + II + III. 

Remark 3.1. Note that for the two sums I and II to be non-zero, we must have j > 1. Moreover, 
in the two first cases, as fc = 2j, by the same reasoning as in Section [521 (|2.14l) and (|2.15l) imply 
that the iq such that rjig = N is unique and equal to j, and that only Oj'^, Of^ and appear 
in I and II, and not some O^.. 

3.2. The term involving only 02- 

Lemma 3.2. In any term T^{X) appearing in the term III (with non-vanishing integral), the ia 
such that rjig — N is unique and equal to j or j + 1. If we denote by Ilia o,nd Illb the sum of the 
terms corresponding to this two cases, we have: 

ma^j2^^^(^o-'o+y-\^o''o"^)i^o-'o+')''p''{o^'^o-yi2j: 

(3.3) ^•=" 

IIIb = (III„)*, 

111 = Ilia +III6. 

Remark 3.3. For the same reason as for (I2.18p . we have removed the 's in (j3.3l) without 
getting any trouble with the existence of ^q~^. 

Proof. Fix a term T^{X) appearing in the term III with non- vanishing integral. Using again 
the same reasoning as in Section 12.21 we see that there exists at most two indices io such that 
rjig = N, and that they are in {j,j + 1}. Indeed, with only 2j + 1 Or/s at our disposal, we need 
j of them before the first P^ , and j after the last one. 
Now, the only possible term with rjj — 77^+1 = N is: 



THE FIRST TERMS IN THE EXPANSION OF THE BERGMAN KERNEL IN HIGHER DEGREES 15 



To prove that this term is vanishing, we wiU use [MM 12] . By |MM121 (3. 13), (3. 16b)] and 

|MM12i (4.1a)] we see that ^Og^ = 0, and so 

we have proved the first part of the lemma. 

The second part foUows from the reasoning made at the beginning of this proof, and the facts 
that io is unique, is self-adjoint and (^q-^O^^)* = O^^^o"^- □ 



Let us compute the term that appears in 

(3.4) III,,fe hj{^o-'0+y-''i^o-'0",){^o-'0+^)^P^{0^^^o-yi2j. 
With (H^, we know that 

(3.5) (0,-^^0-^)^/2, = (^^^ i^ioY 
and 

(3-6) = j^^h,{^o-'Oty-'^o-'K.iO",^)Io- 

Let 

R ~/R^^f 9 d \ d d 

^^^^ \ V "^fe OZm J OZe dZq 

J.E _ pE { d d 
By |MM12[ Lemma 3.1], we know that 

(3.8) Rkfhiq — Rifhkq — Rkqtrn = Riqkfh and r^^^ = ?>Rmmqq- 

Once again, our correspond to the O2 of |MM12) (see (fOS)) and iMM12[ (3. 13), (3. 16b)]), 
so we can use |MM12[ (4.6)] to get: 

(3.9) (jbmbqRkrneqZkZe + ^bqRg^i^^Zi ~ ^bqRkrniqZkZez'„i + bqRf^ 



Set 



1 4 

a — -^bmbqRkfhlqZkZe, b = -;:bqR(,kkqZt, 

(3.10) 6 3 ^ 

C — ——bqRkmlqZkZlZj^, d = bqR^^Z^. 

Thanks to (fLiS| and we find 

(3-11) ^o-^^O^^/o = < i -r^:^—rT + ^^;^) 



47r(2 + 2k) 47r(l + 2k) 



and by induction, p.6p becomes 



hA^a-^ot''y-\j^Q-^oi){j^a-^ot^)''p'' 
1 1 



(47r)J+i 2^k\ ^^^^ V (2 + 2fc) • • • (2 + 2.?) (1 + 2fc) • • • (1 + 2j) J °' 
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Lemma 3.4. We have 
(3.12) 



{a^){0,Z) = irf„^(0,Z), (fe^)(0,Z) = -irf„^(0,Z), 



(c^)(0, Z) = 0, (d^)(0, Z) = -2i?f^^(0, Z). 



Proof. This lemma is a consequence ol the relations (II .44^ and 
compute {b^){0, Z), the other terms are similar. 



For instance we will 



(6^)(0,Z)= -6,i?,fe,,z,^ (0,Z) 



--i?,fcfc,-^(0,Z) = --rf„^(0,Z). 



□ 



Using ((2:2T|) . (03]) and ((3lT|) . we find 

(3.13) 

111,^^(0,0) -/2,C,(j-)^^o 



- C,+l(, + l)- 



C,(fc) 



27r(2fc + i; 



C,(fc) 



"° 27r(2fc + l) ™ 



Notice that 2i?f^ = Rg (y2^,V2j^) = Rgiwq,Wq) = V^Rl^„ by definition. Conse- 



quently, by and the fact that (i?f^)* = i?^^, 
(3.14) 

111(0, 0) = /2,C,(j)^^„^ 



fc=0 



C, + i(j + l)-; 



C,(fc) 



27r(2fc + l)y 27r(2fc + l) 



li? 



2i- 



3.3. The two other terms. In this subsection, we suppose that j > 1 (cf. remark 13. ip . 
Moreover, the existence of any .2o~^ appearing in this section follows from the reasoning done 
in Remark 13.31 and this operator will be used without further precision. 
Due to (jl.30p . we have 



(3.15) 



or - ^ ($^o'(^^)) 1*^0 = ..^(0) + z- ^(0) and 



+2 _ 



or- 



-(0) + 



^(0) 



^ ■* 2 dzidzj ^ ' ' ^ dzidzj ^ ' ' 2 dzidzj 

The sum I can be decomposed in 3 'sub-sums': I,, and Ic in which the two Oa's appearing are 
respectively both at the left of , either side of P^ or both at the right of P^ (see remark l3TT|) . 
As usually, we have Ic = (la)*- 

In the same way, we can decompose II = 11, + Ufa: in IIq the appears at the left of P^, 
and in 11;, at the right of P^ . Once again, 11;, — (Ha)*- 

Computation o/lf,(0, 0). To compute lb, we first compute the value at (0, Z) of the kernel of 
By (p:^ and (jXTa . 



(3.17) 



1 1 

(4^2^ 



■/2,(^0"'O2+')-'"''"'^0"' 
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Now by Theorem II .101 ii s ^ N, then z^s e A^, so by the same calculation as in (|2.20l) . 
1 1 



1 1 



z.^Io] {0,Z) = 



^lo (0, Z) 



Now by (jl.43p and the formula (|1.48l) . we have 
(3.19) {bt^)iZ, Z') = and {h^){Z, Z') ^ 2Ti{zi - z'i)S^{Z, Z'). 

Thus, 



(3.20) 



1 1 

(47r)fe 2^k\ 
1 1 



Zi— — (0) 



dzi 



(47r)fe 


2fefc! 


1 


1 


(47r)'^ 


2fefc! 


1 


1 


{Airy 




1 





0-z. 



27r 



-z'Ai^h\{z,z' 



dz. 



1 



1 



'2j 



(47r)J'2'=A:!ni+i(2£+l) 



^2, 



47r(2fc + 2 + 1) 27r 47r(2fc + 2) ' 
z^^/o) (Z, Z') 
6, 



^^/o)(^,^')- 



For the last two lines, we used that if s E N, then J^{his) = AirbiS (see Theorem ll.lOp . Thus, 
by (Umi) and (l?T7l) - (IX^ 



= (c,(j)-C,(fc))/2, 
We know that (z^^)* = z^^ 



,^)/o. 



^/o (0, Z) 



and /p„ z„Zqe ^1^1^ = ^^mg, so 



(Afc,Afc,*)(0,0) = -hj 

TT 



(c,(j)-C,(fc))^^-'=-i^(0)^, 



(3.21) 
Finally, 



(3.22) Ib(0,0) = -/2j 

TT 



(c,(j)-c,(fc))^^-'=-i— (oX 



5](c,(,)-C,(fc))^C'^-i — (0)^* 

.fc=0 * 

x: (c,(j) - c,(fc))^^;'=-i^(ox 



'■xo 



l2j- 
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Computation o/la(0, 0) and lc(0, 0). First recall that lc(0, 0) = (Io(0,0))*, so we just need to 
compute la(0, 0). By the definition of la(0, 0), for it to be non-zero, it is necessary to have j > 2, 
which will be supposed in this paragraph. Let 

the sum la(0, 0) is then given by 

(3.23) 1,(0,0) = ^^^^ |^E^M(0,^)j X (^^J^/2^.^^^^Joj {Z,0)dvTx{Z). 

In the following, we will set 

(3.24) k ^. 

Using the same method as in (|1.44p , p.lSp , p.l9p and p.20p , wc find that there exist constants 
CL> Cli given by 



(3.25) 



^kl — 



1 1 



(4^)fe+^+i 2^£!n'^^'(2s + l)^ 



such that 
(3.26) 



^(0X^(0)^f„(5, + -z[){Cl~h, + Cl,z[,))^ ^/o 



= ^o-^||J(0Xg^(0Xci,,z.z, + ||(0Xg-(0XC,\,(6.z. + ^ + z,.z-' 

+ 9i;7(o)^'o (Cm(&.&.' + z!M + cL(^'.4 + m)) j 

Using Theorem II .101 p.44p and p.l9p . we see that there exist constants Cj j, ^, i = 3, . . . , 10, 
such that 

^''='^ = ^^'^(4.).-(.+.+i) nu,^,(2.)' = nu.+.(2.+i)' 

i3.27j ^ 



(4.).-(.+.+i) nU,+,(2. + 1) ' ^''^'^ (4.).M^-+.+i) ni+,+,(2.) ' 
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and 
(3.28) 

+ ^^{ml^{Q)[cl,jhh' + cl^yzA, + cl,A^^^' + c]%yzrz,)^ <^/o) (0, Z) 

^ + a;-^^^^- ai7^°^ — ^ — 

Now with / z,Zj.^(0, Z)^(Z,0)dZ = 0, we can rewrite 
(3.29) 1.(0,0) = ^I,,Y^Mi-^-^-' Ucl,^, - C^^^)^(0X^(0) 



Mcl,,, - cf,,,,)^(oX^(o)| < (^^ J* h,. 



By (|(m|) . (jX^ and (jXTfl) . 

= ^j,k,l = Cj(fc + £ + 1), 



(3-30) , « ^ / 1 

s=k+e+2 ^ 



We can now write p.29p more precisely: 

1.(0, 0) = x: E ( (caj) cm + i))m-^''+'^^{o)mr^im: 



q=Q m=0 
3 



(3.31) + C, (m) [ + ^) - l] ^C^^+'^|^(0)^r"|^(0)^ro (^^o)* ^2,- 



9+2 

CompMtation o/II(0,0). Recall that 11(0, 0) = 11.(0, 0) + (IIa(0, 0))*. The computation of 11.(0, 0) 
is very similar to the computation of 1.(0, 0), and is simpler, so we will follow the same method. 
Let 

the sum 11.(0, 0) is then given by 

(3.32) 11.(0,0) = ^^^ {J2M0,Z)^ X iZ,0)dvTxiZ). 
Using p.l6p . we can repeat what we have done for p.26p and p.28p . We find 

(3.33) A,(0,Z) = /,, (^^;('^-+i)^(0)^,^ G,(j)^G,{k) 



IT 
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Thus we get 



(3.34) 11,(0, 0) = E (C,(J) - C,(fc))^^;('=+i)|^(0X «)* 



k=0 



Conclusion. In order to conclude the proof of Theorem 10.71 we just have to put the pieces 
together. But before that, as we want to write the formulas in a more intrinsic way, we have to 
note that since we trivialized A°'*(T*X) ® E with ''^e ^ since Wi — \/2^, and thanks to 
|MM12[ (5.44), (5.45)], we have 

f ,0) . -L (Vi'r-^,) (..). f (0, . (V£--*) .nd 



d^^. 1 



(0) = -(A^ ■ «^^.)(xo) 



dzidzi 4 

With these remaks and equations p. 141) . p. 221) . p.3ip . p.34p used in decomposition p. 21) . we 
get Theorem 
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